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Condensation in zero range processes

Q TL:{l,,L}
@ State space N'z

@ configurations n ={n, : x € T}
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Dynamics

@ g:N—-R, ¢g(0)=0

Q

Q
Q
Q

r — x + 1 at rate pg(n,)

g(k) =k

g(k) >0

0<p<l1

x— x—1atrate (1 —p)g(n.)

Independent random walks

g(k) =1{k > 1} queues and servers

g | sticky
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Canonical stationary states

N number of particles

Ern={neN'":3 1 n.=N}

Q
Q
@ {n(t):t >0} irreducible
Q

Exists unique stationary state p, v
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Canonical stationary states

@ N number of particles
@ Ern={neN":} p =N}
@ {n(t):t >0} irreducible

@ Exists unique stationary state pr n

Equivalence of ensembles:
@ Cylinder function f  f = f(N_m,- .-, %m)
e lim E,, [fl=E,f

L—oo
N/L—p

@ N% stationary state (Grand canonical)

@ Number of particles conserved, {v,:p >0} E, [n]=p

=
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Grand canonical stationary states

@ Partition function: Z(y) = ;gz&k)' , >0
e g0t =1, gk)! = g(1)---g(k)
e g(1)=1 g(k):(%)a k>2 a>0 gk) =k

@ ¢* < oo radius of convergence of Z o =1
@ p < ¢* b, product measure on N”

N S 2
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Equivalence of ensembles

Q

e PP PP P

©

A SR AN WP

1% N :Ng = ~

¢ Z(p) g(k). oY
1 _ pZ'(¥) d

R(p) = Ep,[mo] = = p—logZ
Z(p) ZZ: Z () dep $2

R(0) =0 R strictly increasing

p* =lim, .y R(p) R:[0,9") —[0,p*) @=R"
0<p<p" V=g

E,, o] = By ] = R(®(p)) = p

Cylinder function f p < p* lim B, fl1 = E, |f]
N/L=>p

Local central limit theorem (Kipnis - L)
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Critical density

d d
Q pf = lim_ R(p) = lim_ gpd— log Z(p) = ¢* lim —— log Z(p)
p—p p—p Y p—o* dp

> >

1<a<?2 a>2
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Phase transition

a<l Zp*) =00 p"=cx
l<a<2 Zp") <o pf=ox

a>2 Zp')<oo pf<oo

e P PP

Problem: urp n I N/L=p> p*?
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Condensation

@ Evans, Godreche, Grosskinsky, Schuetz, Spohn. Bose—Einstein
condensation.

Grosskinsky, Schuetz, Spohn (JSP 2003)
Armendariz, Loulakis (PTRF 2009)

T removes the site with largest number of particles
{Np,:L>1}y Np/L—p>p* purnT '~uv,
Ferrari, Sisko, L. (JSP 2008) Beltran, L. (JSP 2010)
a>1 L fixed

1 < EN < N th_wo uL,N{maxlngL M Z N — EN} =1

e PP P P P PP

Let N T oo, pr NT ™ — v
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Evolution of the condensate

@ Lfixed N T
@ Zero-range process {n(t) :t > 0} on Er n

@ Suppose n;(0) =N

Questions:
@ Ty =inf{t > 0:max{n,(t):x#0} = N}
@ Order of T\?
@ Yi=zxifn,(Tn)=N
@ Distribution of Y;? Nearest—neighbor, Uniform?
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Metastabllity

@ FiXl< /iy <N
@ & ={n:nx)>N—¥Iny} 1<z<L

L
Q.gN: Ugja\cf EL,N :gNUAN

r=1

R
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Metastabllity

@ (M1) Starting from £%;, the process thermalizes on £%; before
leaving this set.

@ (M2) On an appropriate time scale, process jumps from £%, to £%; at
exponential times.

@ (M3) On that time scale, the time spent on Ay is negligible.
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A martingale approach to Metastabillity



Trace

@ 7 (t) trace of {n(t) : t >0} on Ex = X, €4
@ T(t)= [y 1{n(s) € En}ds

@ S(t)=sup{s:T(s) <t}

@ nt~(t) =n(S(t)) Markov process on £y
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Asymptotic Markovian Dynamics

@ 7~ (t) trace of {n(t) : t >0} on &y = [J"_, &%
Q_\IfNigN—>{1,...,L} \I!N(n):xlffnéfj'{,
@ Xy(t) = Un(nf™(t)) not Markovian

‘o 9
".| ®

(M2): Xn(t0n) — X (t) Markov process on {1,..., L}.

=
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Martingale approach

o XN = Wt (thy)) — X,
@ Tightness XN

@ X, solves martingale problem F:{1,...,L} - R

e F(X;)— F(Xy) — /t(ﬁF)(XS) ds

a F(X,)— F(X,) - / F(Xa, ) [F(y) — F(Xs)] ds
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Martingale approach

EECEN
= Y [F(y)—F(x)] Y R™(n.&)1{ne &y}
x,y=1 ey
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Metastable ergodicity
@ F(XN) - F(XY) - XL _IF@y) — F(2)] [1°N REN (n(s),€%) 1{n(s) € &} ds

@ Goy(n) =R (n,E5)Hn € &)

Q_/ Gy

@ P=c{€y 1< <L} Guy=E,[Geryn)|P)
tO N .
/O (G ) = G )} ds — 0 1)
Q éx,y( REN nagy) —- TSN(x7y)

L o P - Fx) - / S On ren (XN 9) [F(y) — F(XX,)] ds
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Asymptotic behavior of rates

e (XM - / ZemN N ) [F(y) — F(X3,)] ds
Q TgN(x y — REN nagy)
nESx
QNTEN(:E7y) — ’I“(.T,y) (CZ)
{
lim sup EN{/ 1{n(sfy) € Ax}ds| = 0 (C3)
N—>oo,,7€5N 0

@ Nothing is said if n(0) € Ay.
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@ Th (Beltran, L.): Sufficient conditions for a ergodic Markov process
on a countable space to be metastable.

Martingale approach

@ All conditions are expressed in terms of the measure p;, y and
capacities.
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Potential Theory, Capacity

@ Markov process {n(t) :t >0} on E
@ Rates R(n,§) A(n) =D ¢r, R0, &) M(n) = p(n) A(n)

@ Hitting and return times

Hy=inf{t >0; n(t) € A}
Hf =inf{t >0; n(t) € A 3s <t n(s) #n(0)}

@ Capacity A, BCFE, ANB=go

cap(A,B) = Y M(n)Py[Hf < H]
neA
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Dirichlet principle

@ Generator L, Dirichlet form D(f) = ((=L)f, f).
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Dirichlet principle

@ Generator L ,

Q

Reversible
cap(A,B) = i%f (F,(=L)F),
Fp=1,Fg=0

VA,B(U) = Pn[HA < HB]

D(Va.p)

Dirichlet form D(f) = ((—=L)f, ),
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Dirichlet principle

Q

Q

Generator L,  Dirichlet form D(f) = ((=L)f, f).

Reversible
cap(4,B) = i%f (F,(=L)F), = D(Vap)
Fo=1 Fg=0

Vag(n) =P,[Ha < Hp|.

Non-reversible (Pinsky, Doyle, Gaudilliere-L.)

cap(A, B) = inf sup{2<F, LH), — (H, (—L)H>M} |

F g
Fo=1,Fgp=0 Hjs=C{,Hg=0

Fap=1/2){Vas+Vigt Hap=Vanp
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Process visits points, Condition (C1)

@ Vr 3T eEy

. . N x
i3 [ < M) = 1
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Process visits points, Condition (C1)

@ Vr 3T eEy

. . N x
i3 [ < M) = 1
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Process visits points, Condition (C1)
@ Vr T cEL

i 2 ) < ] 1.

capy (é’j’{,, Uyze Sjy\,)
lim sup =

N—oo pega capy (1,§7)
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Capacity and mean rates, Condition (C2)

RSN 77’ gy )

Q rey(x,y) =
nESx

ONTEN (x7 y) - T(:Ea y) (C2)

ACKCE (A re(A K\ A) = cap(A, K \ A)
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Capacity and mean rates, Condition (C2)

@ Reversible: A BCKCFE ANB=0g

2u(A)rg(A,B) = cap(A, K\ A)+cap(B, K\ B)—cap(AUB, K\ |[AUB]|)

V Metastability of zero range processes — p.24/32
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Capacity and mean rates, Condition (C2)

@ Reversible: A BCKCFE ANB=0g
2u(A)rg(A,B) = cap(A, K\ A)+cap(B, K\ B)—cap(AUB, K\ |[AUB]|)

@ Non-reversible: A BCKCFE ANB=gJ

i%f SIIJ__Ip{2<F, LH), — (H, (_L)H>u}

Q FA:LFB:ChFK\(AUB):O HA:CQ,H3203,
Hi\(auB) =0
Q Fopt Hopt

TK(B,A)
rx(B, K\ B)

opt
Hyp" =
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Condition (C3) L

@ Assume asymptotic process has no absorbing points. For all z:

A
lim 'uN( :]UV)

=0
N—oo un(EX)
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Theorem 1

cap (Sf\,, Uy4e 5}(,)

lim sup =0 (H1)
N—oopegz  cap(n, &)
@ R%Y rates of the trace process on €y
TSN(xay) — nagy)
nGSm
11_1)1100 Onrey (T,y) = 7r(T,9) (H2)

@ Assume that process with rates r has no absorbing points

¥ un(An)
111
N—co un(ER)

=0 (H3)
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Theorem 2: Reversible zero range process

Q
Q
Q
Q

a>1 0Oy=Nte

capg(z,y) capacity of the random walk on T,
Ei,Jra(L_l)/NHO‘ 0

Conditions (H1), (H2), (H3) are in force.

lim N'"%rg (z,y) = C(a) Lcapg(z,y)

N —o0

Metastability of zero range

proc
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Theorem 3: Totally asymmetric zero range proce:!

a >3

capg(z,y) = L~

Eif—'—a(L_l)/Nl—{_a 0

Q
Q
Q
@ Conditions (H1), (H2), (H3) are in force.

lim NHo‘rgN(x,y) = C(a) Lcapg(zx,y)

N —o0
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Convergence of finite dimensional distributions

max T < Oy (L1)
reS
lim Onry(z,y) = r(z,y), z#yesS (L2)

N —oo

@ vy(EP)=1 M, = min{me(EX),1—me(EF)}

e ()] < e

dme max,cs My
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Convergence of finite dimensional distributions

max T < Oy (L1)
x€S
]\;im Onrn(z,y) = r(x,y), xz#yelS (L2)
@ vy(ER)=1 M, = min{me(ER), 1 —me(ER)}
J [(dﬂwo )2} = : o S “o
dme e (EX) max;cs My
Iy <y ' <Oy lim Py [Hgs <971 ] = 0 (L3)
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Convergence
max T < Oy (L1)
x€S
A}im Onrn(z,y) = r(x,y), xz#yelS (L2)
@ vy(ER)=1 M, = min{me(ER), 1 —me(ER)}
dﬂ'w 2 1 CO
E, )| = <
€ [( dme ) } Te(EY) — maxges M,
T < v <Oy lim P [Héfvo <y1] =0. (L3)
TF;§ <y lt< oy lim sup PS [Héfvo <yt ] = 0. (L3V)

N—oo ne&y
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Comments

@ Result holds for all reversible cases

@ L =Lx? Nucleation phase

@ To compute capN<Uw€A ]f'\jnUygA 51%)

@ capy(A,B) = inf {DN(f) fa=1, fp= O}
Lower bound:

@ Advantage: disregards unimportant bonds in DF

@ Difficulty: Uniform over all functions
Upper bound:

@ Advantage: Estimate DF one candidate

L @ Difficulty: Have to estimate all bonds
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