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Motivation

Introduced in the ’50s by Drs. E. Knipling and R. Bushland [6], theSterile Insect Technique(SIT) involves mass production of a target species, sterilisation and releasing into the wild on
a sustained basis and in sufficient numbers to achieve appropriate overflooding ratios. Sterile males find and mate with fertile females without viable offspring, hence the target population is
reduced. It is the only environmentally-friendly, low-cost and accurate technology available that involves action against the total population over a period of several generations.

1. Description of the model

The contact process with immigration(ηt)t≥0 is a Markov process of state spaceFZ
d

with
F = {0,1,2,3} :
∀x ∈ Zd, ηt(x) = 0 means that at timet site x is “vacant",ηt(x) = 1 (resp. 2) thatx is “oc-
cupied" by individuals of type 1 (resp. 2) andηt(x) = 3 thatx is occupied by both species 1
and 2.
For the dynamics, letni(x, η) = card{y ∈ Zd : ||y− x||2 = 1} be the number of neighbors of
sitex in statei ∈ {1,3}. Transition rates atx are :

0→ 1 at rateλ1n1(x, η) + λ2n3(x, η) 1→ 0 at rate 1
0→ 2 at rater 2→ 0 at rate 1
1→ 3 at rater 3→ 2 at rate 1

3→ 1 at rate 1

On sites in state 3, there is a competition between species, so that the birth rate of the 1-type
species should be strictly smaller on sites in state 3 than onsites in state 1 : we assume
λ2 < λ1.

2. What if r = 0?

If r = 0, our model is equivalent to abasic contact process(ξt)t≥0. This Markov process on
{0,1}Z

d
, introduced by T.E. Harris [3], has the transition rates at site x :

0→ 1 at rateλ1n1(x, η)
1→ 0 at rate 1

For (ξt)t≥0, there exists a critical birth rateλc ∈ (0,∞) such that

P(ξ0t , ∅, ∀t ≥ 0) = 0, if λ ≤ λc (extinction),
P(ξ0t , ∅, ∀t ≥ 0) > 0, if λ > λc (survival),

whereξ0t is such thatξ00(x) = 1{0}(x).
We refer to [4, 5] by T.M. Liggett and [1, 2] by R. Durrett for details.

3. Objectives

Our interest lies in the population of 1s : What is the influence of the parameter of immi-
gration r on the behaviour of the 1-type species ? Does there exist a critical value of this
parameter which might involve a phase transition ?
We study the existence, uniqueness and some bounds of this critical value.

4. Main results Study of a phase transition according to the values ofr

Let A0
t = {x ∈ Z

d : ηt(x) ∈ {1,3} | η0(x) = 1{0}(x)} andd ≥ 2.

Proposition 1 The process (ηt)t≥0 is monotonein r. The survival probability of 1s is a
non-increasingfunction inr.

Proposition 2 Criteria of survival and extinction.
• There existsr0 ∈ (0,∞) such that for allr ≤ r0 the 1-type individualssurvivewith proba-
bility strictly positive.
• There existsr1 ∈ (0,∞) such that for allr ≥ r1 the 1-type individualsdie outalmost surely.

We define the critical value we are interested in by

rc = inf {r ≥ 0 : Pr(A
0
t > 0 for all t ≥ 0) > 0}

Proposition 3 The critical contact process with immigration dies out :

Prc(∃ t ≥ 0 At = ∅) = 1

Corollary The survival probability of 1s is a left-continuous function in r on [0, rc) and
continuous inr on [rc,∞).

Once we know these two last results, we can state

Theorem Existence and Uniqueness of a critical value forr.
There exists a uniquerc ∈ (0,∞) such that ifr < rc, then the 1s have a strictly positive
probability to survive, while ifr ≥ rc, then the 1s die out almost surely.

5. Mean-field model

It is a deterministic non-spatial corresponding model for densitiesui, i ∈ F for species. The
transition rates of the process become a system of differential equations,
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u′1 = (λ1u1 + λ2u3)u0 + u3 − u1(r + 1)
u′2 = ru0 + u3 − u2

u′3 = ru1 − 2u3

with u0 + u1 + u2 + u3 = 1. There are two trivial equilibria : (0,0,0), and (0, r/(r + 1),0)
which isunstableiff

2λ1 + λ2r > (r + 2)(r + 1)

Perspectives

−→ Hydrodynamic limit of the process. −→ Behaviour of the process on the homogeneous treeTd, first for λ2 = 0 (contact process
in dynamic environment), then forλ2 > 0.
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